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We further study the 1-parameter Wecken problem versus the restricted Wecken problem,
for coincidence free pairs of maps between surfaces, extending the results found in
Gonçalves and Kelly (2010) [6], where a number of results are obtained for the case when
the target surface is the Klein bottle. Here the target will be a closed surface of Euler
characteristic < 0, and also a new result for the Klein bottle. For this problem we study
certain equations on the pure braid group on two strings of the target surface. With the
target surfaces stated above we give a classiﬁcation according to when the answer of the
two problems is either the same or different.
© 2012 Elsevier B.V. All rights reserved.
0. Introduction
A map f : X → X is said to be minimal if it achieves the least number of ﬁxed points possible among all maps in its
homotopy class. In the papers [2–6] the authors study the 1-parameter problem of ﬁnding minimal homotopies joining a
given pair of minimal surface mappings. In this study there are three relevant notions of minimality for the 1-parameter
problem: the general coincidence problem together with two special cases; the ﬁxed point problem, and the root problem.
These two special cases differ from the general coincidence because one allows deformations of only one map, namely f ,
when we regard the ﬁxed point problem and the root problem as coincidence problems of the pairs ( f , id) and ( f , c),
respectively.
Motivated by the special cases mentioned above let us consider two types of minimality in more generality. Let M,N
be two spaces and let [ f ], [g] be two homotopy classes of maps between these spaces. Consider pairs ( f1, g1), ( f2, g2)
of minimal maps where f1, f2 ∈ [ f ] and g1, g2 ∈ [g]. The ﬁrst type of minimality under consideration is just the general
coincidence problem where we ask if there is a homotopy between the two pairs such that the homotopy is minimal. The
second type of minimality is when we choose one coordinate (for example the second) and select a homotopy G between
g1 and g2 as part of the data. Then we may ask if there is a homotopy F connecting f1 to f2 such that the homotopy (F ,G)
is minimal. Of course if the answer of the ﬁrst type of minimality question is negative then the answer of the second type
of minimality question is also negative. But when the answer of the ﬁrst type of minimality question is positive, then we
can question as to what happens with the second type of minimality problem for all possible choices of the homotopy G .
We are primarily interested to decide for which cases the answer of this question is yes (which in this case we say that
the two problems are the same), and when this is not the case (which in this case we say that the two problems are different).
This type of question can in fact be addressed to any ﬁxed pair of homotopy classes, but in such generality it is not so easy
to answer.
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according to the rank of the images on the fundamental group. From this perspective we study the problem for most of the
possible cases. We note that this problem is not symmetric with respect to the choice of the coordinates that we prescribe
the homotopy. This is illustrated by consideration of Example NhNhvs{1} together with Theorem 2. But certainly it suﬃces
to study this problem where we assume the selected coordinate is the second, for all possible pair of classes ([ f ], [g]). So
in this work we will assume that we select the second coordinate.
In this paper we extend the results of [6] as follows. The work [6] contains the study of the problem stated above for
almost all maps from a surface into the Klein bottle, and also for some exceptional cases from a surface into a surface of
negative Euler characteristic. Here we study some of the cases of selfmaps of the Klein bottle not dealt with in [6], and most
of the cases of maps into a surface of negative Euler characteristic. We recall that when the target is either the 2-sphere,
the projective plane, or the torus, it has been established precisely when the two problems are the same. For the ﬁrst case
see [2], Corollary 1.3, for the second case see [6], Theorem 6, and for the latter case see [3], Theorem 2.2.
As in [6], in this paper we study these two types of 1-parameter minimality problems for maps between surfaces under
the assumption that the pairs ( f , g) are coincidence free. The reader is referred to the paper [3] for more details about
what we call the ﬁxed point case and the coincidence case. Also, in that paper a minimal homotopy is often called a Wecken
homotopy. We will adapt this naming convention here, referring to “Wecken homotopies for the restricted problem” and
“Wecken homotopies for the unrestricted problem.”
The results of this paper are of three types. The ﬁrst, and main result is to provide examples of pairs of homotopy classes
of maps such that one can ﬁnd models where the two problems are not equivalent. When the target surface has negative
Euler characteristic we provide examples where the two problems are not equivalent for almost all the cases where the
image of the homomorphism induced by the second homotopy class is either trivial or isomorphic to Z . Secondly, when
both surfaces are the Klein bottle K we show that for pairs of homotopy classes of selfmaps such that the image of the
homomorphism induced by the second homotopy class is isomorphic to π1(K ), then the two problems are equivalent. This
is stated in Proposition 5. Finally, we provide an improved version of an algebraic criterion to decide if the two problems
are equivalent given by Proposition 2 of [6]. This is also Proposition 2 in this paper.
This paper is divided into 5 sections besides the present introduction. In Section 1 we provide some preliminaries where
we recall some of the results used to reduce the problem to an algebraic problem. This is stated in Proposition 4. Then
we give presentations of the pure braid groups of the surfaces on 2 strings. In Section 2 we consider the case where
the domain and the target are the Klein bottle. For certain pairs of selfmaps we show that the two problems are the
same. The result is stated in Proposition 5. In Section 3 we consider the case where the target is non-orientable with
Euler characteristic negative. Basically, according to the rank of the images of the maps on fundamental group, all possible
examples are constructed. In Section 4 we consider the case where the target surface S2 is orientable. For the case where
the domain surface S1 has Euler characteristic less than −1, basically all possible examples are constructed. In Section 5 we
give a brief description of the cases left undecided. Those for selfmaps of the Klein bottle and also the six cases where S1
is either T , K or N2 and the target S2 is orientable with χ(S2) < 0.
1. Preliminaries
In this section we present some basic material which will be used to get the main results of the paper. In particular we
recall some results from [6] which are relevant for this purpose.
Let M and N be closed (compact without boundary) manifolds. Consider two pairs of minimal maps ( f1, g1), ( f2, g2) :
M → N where f1 is homotopic to f2 and g1 is homotopic to g2. The statement of our problem involves the choice of maps
g1, g2 ∈ [g]. At least in the case of coincidence free maps, it is not diﬃcult to show that the answer of our problem does not
depend on the choice of the maps g1, g2. This is useful to study the problem independent if the answer is to be aﬃrmative
or negative. Recall Proposition 2 from [6], that in order to ﬁnd an example where the two problems are not equivalent we
can begin with any pair of maps g′1, g′2. More precisely we have:
Proposition 1. ([6]) Let ([ f ], [g]) be a pair of homotopy classes such that the minimal coincidence number of the pair of classes is
zero. Then there exist ( f1, g1), ( f2, g2) with fi ∈ [ f ] gi ∈ [g] i = 1,2 coincidence free which can be connected by aWecken homotopy
W0 for the unrestricted problem, but not by a Wecken homotopy for the restricted problem with a given homotopy G between g1 and
g2 if and only if, for any g′1, g′2 ∈ [g] one can ﬁnd f ′1, f ′2 ∈ [ f ] such that the two problems are not equivalent for ( f ′1, g′1), ( f ′2, g′2).
The Proposition stated above can be slightly improved as follows:
Proposition 2. The following three conditions are equivalent:
1. The two problems are equivalent for a given pair of homotopy classes [ f ], [g].
2. For any pair of maps g ∈ [g], f ∈ [ f ] and G0 a self-homotopy of g there is a self-homotopy F0 of f such that the pair (F0,G0) is
a self-Wecken homotopy of the pair ( f , g).
3. For one map g ∈ [g], and any f ∈ [ f ] and G0 a self-homotopy of g, there is a self-homotopy F0 of f such that the pair (F0,G0)
is a self-Wecken homotopy of the pair ( f , g).
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Let us show that 2 implies 1. Let ( f1, g1), ( f2, g2) be any two pairs which can be connected by a Wecken homotopy (let
us say (F0,G0)) and let G1 be an arbitrary homotopy between g1 and g2. Apply the hypothesis above for the self-homotopy
G1 ∗ G−10 and we obtain a self-homotopy F ′ . Therefore (F ′ ∗ F0,G1 ∗ G−10 ∗ G0) is a Wecken homotopy. Since G1 ∗ G−10 ∗ G0
is homotopic to G1, by Proposition 1 in [6] we have that there exist F1 such that (F1,G1) is a Wecken homotopy.
Certainly 2 implies 3. The remaining case, that 3 implies 2 is similar to the previous case and we leave to the reader. 
From now on, let S be a closed surface different from S2 or RP2. Without loss of generality, we can assume that
g′1 = g′2 = g for any choice of a map g ∈ [g]. The most relevant ingredient to be used is an equivalence of our problem
with an algebraic formulation of it using the pure braid groups on 2 strings of the target surface and the homomorphisms
induced on the fundamental group of certain maps. This is Proposition 4 in [6]. If H is a subgroup of a group G denote by
CG(H) the centralizer of H on G .
Proposition 3. The two problems are equivalent for a pair of homotopies ([ f ], [g]) if and only if for one g ∈ [g] and for all f ∈ [ f ]
such that ( f , g) is coincidence free we have the homomorphism p2# : Cπ1(S2×S2−)(Im(( f , g)#) → Cπ1(S2)(Im(g)#) is surjective.
Given a closed surface S we use the pure braid group on two strings P2(S) = π1(S × S − ). Let F1 ⊂ P2(S) be the set
of all braids where the loop at the second point is homotopic to the constant loop. In practice, the negation of the result
above corresponds to the following statement.
Proposition 4. Let ([ f ], [g]) be a pair of homotopy classes such that the minimal coincidence number of the pair of classes is zero.
The two problems are not equivalent for the pair of homotopies ([ f ], [g]) if there exist f1, f2 ∈ [ f ], g ∈ [g] with ( f1, g) and ( f2, g)
coincidence free such that there exists an element w ∈ P2(S2) such that ( f2, g)# = w( f1, g)#w−1 , p2#(w) lies in the centralizer of
Im(g#), but there is no element v ∈ F1 such that ( f2, g)# = v( f1, g)#v−1 .
Let us recall a presentation of the Braid groups of the surfaces which are relevant for our purpose. These will given in
terms of a canonical presentation of the surface group. The main references are [9] and [1].
Let Th be the closed orientable surface of genus h 1, with π1(Th) = {ρ1, . . . , ρ2h | [ρ1,ρ−12 ] . . . [ρ2h−1,ρ−12h ] = 1}. A pre-
sentation of P2(Th) is given as follows: a set of generators
{ρ11,ρ12, . . . , ρ12h−1,ρ12h,ρ21,ρ22, . . . , ρ22h−1,ρ22h, B}
which satisfy the relations:
1. [ρ11,ρ−112 ] . . . [ρ12h−1,ρ−112h] = B .
2. ρ2lρ1 j = ρ1 jρ2l if l is odd and j < l; or l is even and j < l − 1.
3. ρ2kρ1kρ
−1
2k = ρ1k[ρ−11k , B] = Bρ1kB−1 and ρ−12k ρ1kρ2k = ρ1kB−1ρ1kBρ−11k for all k.
4. ρ2kρ1k+1ρ−12k = Bρ1k+1[ρ−11k , B], and ρ−12k ρ1k+1ρ2k = B−1[B,ρ1k]ρ1k+1[B−1,ρ1k], for all k odd.
5. ρ2k+1ρ1kρ−12k+1 = ρ1kB−1 and ρ−12k+1ρ1kρ2k+1 = ρ1kρ1k+1Bρ−11k+1, k odd.
6. ρ2lρ1 jρ
−1
2l = [B,ρ−11l ]ρ1 j[ρ−11l , B], and ρ−12l ρ1 jρ2l = [ρ1l, B−1]ρ1 j[B−1,ρ1l], for j > l and ( j, l) = (2t,2t − 1).
7. ρ2kBρ
−1
2k = Bρ−11k Bρ1kB−1 and ρ−12k Bρ2k = ρ1kBρ−11k .
Let Nh be the closed non-orientable surface of genus h 2, the connected sum of h+1 projective planes, with π1(Nh) =
{ρ1, . . . , ρh+1 | ρ21 . . . ρ2h+1 = 1}. A presentation of P2(Nh) is given as follows: a set of generators
{ρ11, . . . , ρ1h+1,ρ21, . . . , ρ2h+1, B}
which satisfy the relations:
1. ρ211 . . . ρ
2
1h+1 = ρ221 . . . ρ22h+1 = B .
2. ρ2lρ1 j = ρ1 jρ2l if j < l.
3. ρ2kρ1kρ
−1
2k = ρ1kB−1 and ρ−12k ρ1kρ2k = ρ21kB−1ρ−11k for all k.
4. ρ2lρ1 jρ
−1
2l = Bρ−11l Bρ1lρ1 jρ−11l B−1ρ1l B−1 and ρ−12l ρ1 jρ2l = ρ1Bρ−11l Bρ1 j B−1ρ1l B−1ρ−11 for all j > l.
5. ρ2kBρ
−1
2k = Bρ−11k B−1ρ1kB−1 and ρ−12k Bρ2k = ρ1kB−1ρ−11k for all k.
We now recall some results from [6] where the two problems are equivalent. For the case where the domain is either
the sphere S2 or the projective plane RP2 we have:
3780 D.L. Gonçalves, M.R. Kelly / Topology and its Applications 159 (2012) 3777–3785Theorem 1. The two problems are equivalent if the domain is either S2 or RP2 and the target is a closed surface with non-positive
Euler characteristic.
The other two positive results are:
Theorem 2. Let S2 be a closed surface with negative Euler characteristic and let g : S1 → S2 be a map with the property that im(g#),
the image of the fundamental group, is neither trivial or isomorphic to Z . Then the 1-parameter coincidence problem is equivalent to
the restricted problem with respect to the second coordinate.
Theorem 3. (a) Let g : S → K , π1(K ) = 〈a,b | abab−1〉 and S is an arbitrary closed surface. If the image of g# contains an element
of the form arb with r = 0, then the restricted problem with respect to ﬁxed homotopy at g is equivalent to the general coincidence
problem. In particular this is the case if the image of g# is all of π1(K ) or it is the subgroup generated by arb with r = 0.
(b) If S is the torus and the image of g# equals the subgroup 〈a,b2〉, then the restricted problem with respect to ﬁxed homotopy at
g is equivalent to the general coincidence problem.
To ﬁnish this section, based on the results above and the examples provided in [6] where the two problems are different,
we make some comments about the remaining cases that need to be analyzed. We divide into two cases. The ﬁrst case is
when the target is the Klein bottle and the domain is either the torus T or the Klein bottle K . This case will be treated in
the next section and it corresponds to the 4 subcases which were not solved in [6]. The second case is when the target has
Euler characteristic negative and the domain has Euler characteristic  0.
For the second case above, let f , g : S1 → S2 be a pair of maps between closed surfaces. By Theorems 1 and 3 above in
order to have an example where the two problems are not equivalent, the image g# must be either trivial or has rank one,
and the domain different from either S2 or RP2. For the map f we have that Im( f#) is either of ﬁnite index on π1(S2)
or it is a free group. In the latter case Im( f#) is a free group of rank at most  if S1 = T , the orientable surface of genus
, or [( + 1)/2] (the greatest integer less or equal to ( + 1)/2), if S2 = N , the non-orientable surface of genus  (see
[8], Chapter 1, Section 7, Proposition 7.13). Call this number φ(). We use the following notation for labeling our examples.
Denote by Example S1S2{i j} an example of pairs ( f1, g), ( f2, g) : S1 → S2, where im( fk#) is free, the rank(im( fk#)) = i
(k = 1,2), rank(im(g#)) = j, such that the pairs can be connected by a coincidence free homotopy but not by a coincidence
free homotopy where the second homotopy is some prescribed self-homotopy of g .
For the case where Im( f#) is of ﬁnite index on π1(S2), denote by Example S1S2vs{ j} an example of pairs ( f1, g), ( f2, g) :
S1 → S2, where im( fk#) is of ﬁnite index on π1(S2) (k = 1,2), rank(im(g#)) = j and the pairs can be connected by a
coincidence free homotopy but not by a coincidence free homotopy where the second homotopy is some prescribed self-
homotopy of homotopy g . It is well known that if the pair ( f , g) can be made coincidence free where g is homotopic to
the constant map, then Im( f#) has inﬁnite index in π1(S2), see for example [7]. Consequently, the case Example S1S2vs{0}
does not exist as there is no pair of coincidence free maps where the second map is homotopic to the constant map. So we
will assume that j = 1.
2. The equivalence of the two problems when (S1) = (S2) = K , the Klein bottle
In this section we study the two cases left from [6], for selfmaps of the Klein bottle. For both of these cases we will
show that the two problems are equivalent. For more details see [6].
The two unresolved cases are when im(g#) is either isomorphic to π1(K ) or to Z + Z . Using a similar notation as in the
cases described at the end of the previous section, we denote by i to say that the im( f#) is the free abelian group of rank i
and by 2′ to say that the im( f#) is isomorphic to π1(K ), for f an arbitrary map into K .
Suppose Im(g#) ≈ π1(K ). In general we have the following possibilities: K K {2′2′}, K K {22′}, K K {12′}, and K K {02′}. The
case K K {22′} is not possible due to the fact that im( f#) cannot be abelian of rank 2. The case K K {02′} cannot happen
because the map g cannot be deformed to be root free. So we are left with 2 possible cases K K {2′2′} and K K {12′}. Further,
as seen from Theorem 3(a) above, we have that the two problems are equivalent if the image of g# contains an element of
the form arb with r = 0. The following proposition gives the result for the remaining cases.
Proposition 5. Suppose g : K → K is such that im(g#) is isomorphic to π1(K ). Then the two problems are equivalent.
Proof. Let us consider the maps between the function spaces (K K , id) → (K K , g) given by f → f ◦ g . By Lemma 2 in
[6] we have that the induced homomorphism π1(K K , id) → π1(K K , g) on the fundamental group is the inclusion. Since
π1(K K , id) = 〈b2〉 and π1(K K , g) = Cπ1(K )(im(g#)) = 〈b2〉 this map is surjective. By Theorem 1 in [6] the result follows. 
3. Examples for the case where the target S2 is non-orientable and has χ(S2) < 0
In this section we take the target surface to be the non-orientable surface Nh of genus h  2 and the domain is an
arbitrary surface S of Euler characteristic  0. We will construct examples in the cases where Im(g#) is either trivial or has
rank 1. Also, we show that Example S1S2vs{1} is a possibility for S2 non-orientable.
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maps from S1 to S2 minus a point. Consider S2 − {s2}, and let s1 ∈ S2 − {s2}, s0 ∈ S1, be base points. These maps are
characterized by the induced homomorphism of such maps on the fundamental group π1(S1, s0) → π1(S2 − {s2}, s1). The
class of the loop based on s1 which goes once around s2 we also denote by B . This element B is related with the braid B
given in the presentation of the pure braid group on two strings (given in Section 1), as follows: If α is a loop representing
the element B then the braid B is the class given by the pair of loops where the ﬁrst loop at s1 is α and the second at s2 is
the constant loop. In addition, we identify the subgroup 〈ρ11, . . . , ρ1h+1〉 of the braid group with the group π1(Nh −{s2}, s1).
Since the domain has Euler characteristic  0, the number of generators is at least 2. Also, by abuse of notation, we
use the ρi to denote generators of the fundamental group in both the domain and target surface. In the domain we only
need the notation for the group relation so that examples are well deﬁned. For this purpose the construction of the models
(of the ﬁrst map f ) should satisfy f#(ρ1) = f#(ρ2)−1, independent of S1 being orientable or not. The remaining values for
f#(ρi) will depend on orientability. The same holds for the map g .
Example SNh{00} χ(S)  0, h  2. Let g be the constant map, so g#(ρ1) = 1. Consider models for f1, f2 such that
f1#(ρ1) = B , f1#(ρk) = 1 for k > 2; f2#(ρ1) = Bρ−11 B−1ρ1B−1, and f2#(ρk) = 1 for k > 2. The two homomorphisms
( f1 × c)#, ( f2 × c)# : π1(S) → P2(Nh) are conjugate. This follows from the fact that the braids B , Bρ−111 B−1ρ11B−1 are
conjugate. More precisely, ρ21Bρ
−1
21 = Bρ−111 B−1ρ11B−1, according to the presentation of P2(Nh). We use Proposition 4 to
conclude the example. From above we have that the two maps, ( f1, c) and ( f2, c) can be connected by a Wecken homotopy.
But in the free group F (ρ1, . . . , ρl) the two words B and Bρ
−1
11 B
−1ρ11B−1 are not conjugate, since they project to different
elements on the abelianized. Therefore these two pairs cannot be connected by a Wecken homotopy where the second
homotopy is the constant homotopy of the constant map. 
For the next example we ﬁrst make the following observation. Given a homomorphism π1(S) → π(Nh − {s2}) we obtain
a map S → Nh − {s2} which composed with the inclusion Nh − {s2} ↪→ Nh provides a map into Nh . The group π1(Nh)
contains a subgroup which is a free group of rank two, and so it contains a free subgroup of any ﬁnite rank.
Example SNh{ j0} for any 1  j  φ() where  is the genus of S and φ() was deﬁned in Section 1, p. 8. If h > 2 let
W ⊂ 〈ρ1, . . . , ρh+1〉 be a subgroup of rank j having a base {w1, . . . ,w j} with w1 = ρ3 and the remaining w ′i s are elements
of the subgroup generated by ρ1,ρ2. The image of the subgroup 〈ρ1,ρ2,ρ3〉 on π1(Nh) is a free group.
Deﬁne f1#(ρ1) = f1#(ρ−12 ) = ρ3, f1#(ρ2i−1) = f1#(ρ−12i ) = wi , for i = 2, . . . , j and otherwise 1. Similarly deﬁne
f2#(ρ1) = f2#(ρ−12 ) = ρ3B−1, f2#(ρ2i−1) = f2#(ρ−12i ) = wi , for i = 2, . . . , j and otherwise 1. The two homomorphisms
( f1 × c)#, ( f2 × c)# : π1(S) → P2(Ng) are conjugate. More precisely, from the presentation of P2(Nh) given in Section 1
we have ρ23ρ13ρ
−1
23 = ρ13B−1. Also ρ23ρ11ρ−123 = ρ11 and ρ23ρ12ρ−123 = ρ12. Therefore ρ23wiρ−123 = wi for i = 2, . . . , j.
But the two models f1, f2 cannot be connected by a coincidence free homotopy since the two words ρ3 and ρ3B−1 are
certainly not conjugate as they project to different elements in the abelianized of the free group on h + 1 letters.
For h = 2 let W ⊂ 〈ρ1,ρ3〉 be a free subgroup of rank j having as base {ρ3,ρ j−11 ,ρ1ρ3ρ−11 , . . . , ρ j−21 ρ3ρ−2+ j1 }. The
image of W on π1(Nh) is a free group of rank j.
Deﬁne f1#(ρ1) = f1#(ρ−12 ) = ρ3, f1#(ρ3) = f1#(ρ−14 ) = ρ j−11 , f1#(ρ2i−1) = f1#(ρ−12i ) = ρ i−21 ρ3ρ2−i1 for i = 3, . . . , j
and otherwise 1. Similarly deﬁne f2#(ρ1) = f2#(ρ−12 ) = ρ3B−1, f2#(ρ3) = f2#(ρ−14 ) = ρ j−11 , f2#(ρ2i−1) = f2#(ρ−12i ) =
ρ i−21 ρ3B−1ρ
2−i
1 for i = 3, . . . , j and otherwise 1.
The two homomorphisms ( f1 × c)#, ( f2 × c)# : π1(S) → P2(Ng) are conjugate and the rest of the proof is as above.
Observe that this latter example also works for h > 2 but it is more elaborate than the previous one. 
The following examples will have Im(g#) non-trivial. The strategy used to construct these examples will be slightly
different from the previous. We start with a pair f1, g from S to Nh and then construct a map from S to Nh × Nh − ,
which when composed with the projections gives the pair f1, g . We then conjugate by a braid to produce a second pair
f2, g . Proposition 4 is then used to get the conclusion.
Example SNh{01} χ(S) 0, h  2. This example illustrates the case where the rank of Im(g#) is one, while the other map
is homotopic to the constant map.
Let g be a map such that g#(ρ1) = Bρ−2h+1. And thus g#(ρ2) = ρ2h+1B−1, g#(ρi) = 1, i > 2. Let f1 be the constant map so
f1#(ρ j) = 1 for all j. The induced homomorphism π1(S) → π1(Nh × Nh − ) by the pair ( f1, g) is given by; ρ1 → Bρ−22h+1,
ρ2 → ρ22h+1B−1 and ρi → 1 for i > 2. Take the conjugate of this homomorphism by the element ρ2h+1.
This new homomorphism is given by
ρ1 → Bρ−11h+1B−1ρ1h+1B−2B(ρ2h+1)−2 and ρ2 → (ρ2h+1)2Bρ−11h+1Bρ1h+1B−1.
We see that f2 : S → Nh is the map such that deﬁned on the one skeleton sends the loop ρ1 → Bρ−1 B−1ρ1h+1B−2.1h+1
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mains to show that there is no element θ of the subgroup generated by ρ11, . . . , ρ1h+1 such that θ Bρ−22h+1θ
−1 =
Bρ−11h+1B
−1ρ1h+1B−1(ρ2h+1)−2, or equivalently,
θ Bρ−22h+1θ
−1ρ22h+1 = Bρ−11h+1B−1ρ1h+1B−1.
This equation, when viewed on the abelianized of the free group F (ρ11, . . . , ρ1h+1) becomes θρ−22h+1θ
−1ρ22h+1 = B−2, or
ρ−22h+1θρ
2
2h+1θ
−1 = B2. Observe that conjugation by ρ2h+1 on the abelianized of F (ρ11, . . . , ρ1h+1), by the presentation of
P2(Nh), is the identity for ρ1i for 1  i  h and ρ2h+1ρ1h+1ρ−12h+1 = ρ1h+1B−1. Using also the relation ρ2h+1Bρ−12h+1 =
Bρ−11h+1B
−1ρ1h+1B−1, it is straightforward to see that conjugation by ρ22h+1 sends ρ1h+1 to Bρ1h+1B
−1, and hence, induces
the identity on the abelianized. So our equation on the abelianized becomes
B2 = 1 or ρ211ρ212 . . . ρ21h+1 = 1
which is a contradiction and the result follows. 
Example SNh{ j1} χ(S)  0 for any 1  j  φ() where  is the genus of S . In this example the image of the induced
homomorphisms of the ﬁrst map is free of rank j and of the second map is one. Let g be as in the previous example. Let
W ⊂ 〈ρ11,ρ12〉 be a subgroup of rank j freely generated by {w1, . . . ,w j}. Let w¯i , denote the element in π1(Nh − {s2}, s1)
associated to wi . Deﬁne f1#(ρ2i−1) = f1#(ρ−12i ) = w¯i , for i = 1, . . . , j and otherwise 1.
The induced homomorphism π1(S) → π1(Nh × Nh − ) by the pair ( f1, g) is given by; ρ1 → w1Bρ−22h+1, ρ2 →
ρ22h+1B
−1w−11 , ρ2i−1 → wi , ρ2i → w−1i for i = 2, . . . , j and ρk → 1, otherwise. Take the conjugate of this homomorphism
by the element ρ2h+1, and using that wi commutes with ρ2h+1, the new homomorphism gives us
ρ1 → w1Bρ−11h+1B−1ρ1h+1B−2B(ρ2h+1)−2 and ρ2 → (ρ2h+1)2Bρ−11h+1Bρ1h+1B−1w−11 .
The two pairs can be connected by a Wecken homotopy since the induced homomorphisms are conjugate. It remains to
show that there is no element θ of the subgroup generated by ρ11, . . . , ρ1h+1 such that
θw1Bρ
−2
2h+1θ
−1 = w1Bρ−11h+1B−1ρ1h+1B−1(ρ2h+1)−2.
The conclusion follows as in the previous example. 
Example NhNhvs{1}. In this example the induced homomorphism by the ﬁrst map is the identity, so surjective on the
fundamental group, and the rank of the image of the induced homomorphism by the second map is one. Consider homotopy
classes of maps [ f ], [g] such that if f ∈ [ f ] and g ∈ [g], then f#(ρi) = ρi , for 1 i  h+1, and g#(ρ j) = 1, for 1 j  h−1,
g#(ρh) = (ρh+1)−1, g#(ρh+1) = (ρh+1).
Consider the homomorphism π1(Nh) → π1(Nh × Nh − ) which sends ρi → ρ1i for 1  i  h − 1, ρh → ρ1hρ−12h+1,
ρh+1 → ρ1h+1B−1ρ2h+1. This map deﬁnes a homomorphism since
ρ211 . . . ρ
2
1h−1(ρ1hρ
−1
2h+1)
2(ρ1h+1B−1ρ2h+1)2
= ρ211 . . . ρ21h−1ρ21hρ−12h+1(ρ−12h+1(ρ1h+1B−1)ρ2h+1ρ1h+1B−1)ρ2h+1
= ρ211 . . . ρ21h−1ρ21hρ−12h+1(ρ21h+1B−1ρ−11h+1ρ1h+1Bρ−11h+1ρ1h+1B−1)ρ2h+1
= ρ211 . . . ρ21h−1ρ21hρ−12h+1(ρ21h+1B−1)ρ2h+1
= ρ211 . . . ρ21h−1ρ21h(ρ21h+1B−1ρ−11h+1)(ρ21h+1B−1ρ−11h+1)(ρ1h+1Bρ−11h+1)
= ρ211 . . . ρ21h−1ρ21h(ρ21h+1B−1) = BB−1 = 1,
where we use the braid relations ρ−12k ρ1kρ2k = ρ21kB−1ρ−11k and ρ−12k Bρ2k = ρ1kB−1ρ−11k given in Section 1. Now we conjugate
this homomorphism by ρ2h+1 and obtain a homomorphism deﬁned by the map: ρi → ρ1i for 1 i  h − 1, ρh → ρ1hρ−12h+1
and ρh+1 → Bρ1h+1B−1ρ2h+1. We claim that these two homomorphisms are not conjugate by an element θ ∈ F1 ⊂ P2(Nh).
Let us consider the equations ρ11 = θρ11θ−1, ρ1hB−1ρ−12h+1 = θρ1hρ−12h+1θ−1 and ρ1h+1B−1ρ2h+1 = θρ1h+1B−1ρ2h+1θ−1.
From the ﬁrst equation it follows that θ must be a power of ρ11. We then replace θ by ρk11 on the second equation to
obtain ρ1hB−1ρ−12h+1 = ρk11ρ1hρ−12h+1ρ−k11 or ρ1hB−1 = ρk11ρ1hρ−k11 , since ρ−12h+1 commutes with ρ−k11 by the presentation of
P2(Nh) given in Section 1. This gives a contradiction. When h = 1 this reduces to B = 1, while for h > 1 the word ρ1hB−1
is cyclically reduced in the free group F (ρ11, . . . , ρ1h+1), and this occurs on the right hand side of the equation only when
k = 0. But the case k = 0 clearly does not yield a solution. 
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h1 < h it is not possible since the maps will have degree zero.
Example Nh1Nhvs{1} surjective. In this example the image of the fundamental group is surjective. Consider any map p :
Nh1 → Nh such that the induced homomorphism on the fundamental group is surjective. Then consider the composite of
this map with the two maps given in the previous example. This provides an example. 
Example Nh1Nhvs{1} ﬁnite index. Here the image of the fundamental group is a subgroup of ﬁnite index. Consider any
such map p : Nh1 → Nh such that the induced homomorphism on the fundamental group has ﬁnite index. As above we
consider that the composite of this map with the two maps given in Example NhNhvs{1}. The two generators ρ1,ρ2 of
π1(Nh) are not necessarily in the image, but there are integers k1,k2 such that ρ
k1
1 ,ρ
k2
2 lie in the image. Now we study the
two equations ρk111 = θ(ρ11)k1θ−1 and (ρ12ρ−123 )k2 = θ(ρ12ρ−123 )k2θ−1 if h = 2, or simply (ρ12)k2 = θ(ρ12)k2θ−1 if h > 2, for
the other equation. The result then follows. 
4. Examples where the two problems are not equivalent for S2 orientable
As in the previous section, we search for examples where the two problems are not equivalent when the target surface
is orientable and the image of the induced homomorphism on the fundamental group is either trivial or isomorphic to Z .
We also analyze the case Example S1S2vs{1} when S2 is orientable.
For the map f we have that Im( f#) is either of ﬁnite index on π1(S2) or it is a free group. In the latter case Im( f#)
is a free group of rank at most h for S2 = Th . We use the following notation for labeling our examples. Denote by Ex-
ample S1Th{i j} an example of pairs ( f1, g), ( f2, g) : S1 → S2, where im( fk#) is free, the rank(im( fk#)) = i (k = 1,2),
rank(im(g#)) = j, such that the pairs can be connected by a coincidence free homotopy but not by a coincidence free
homotopy where the second homotopy is some prescribed self-homotopy of g .
For the case where Im( f#) is of ﬁnite index on π1(S2), denote by Example S1Thvs{ j} an example of pairs ( f1, g), ( f2, g) :
S1 → S2, where im( fk#) is of ﬁnite index on π1(Th), rank(im(g#)) = j and the pairs can be connected by a coincidence
free homotopy but not by a coincidence free homotopy where the second homotopy is some prescribed self-homotopy of
homotopy g .
4.1. Examples where χ(S1) < −1
In this subsection we construct examples where Im(g#) is either trivial or has rank 1. It is well known that if the pair
( f , g) can be made coincidence free where g is homotopic to the constant map, then Im( f#) has inﬁnite index in π1(S2),
see for example [7]. Consequently, the case Example S1S2vs{0} does not exist as there is no pair of coincidence free maps
where the second map is homotopic to the constant map. On the other hand, coincidence free pairs of maps do exist when
Im(g#) has rank 1.
Our target surface is now an orientable surface with negative Euler characteristic, but we will use the same procedure
as in the examples with target Nh . Maps will be deﬁned by ﬁrst prescribing the data f1#(ρ1), f2#(ρ1) with f i#(ρ2) =
f i#(ρ1)−1, and the data g#(ρ j) for the second map.
Example STh{00}. This is an example where all maps are homotopic to the constant map. We now focus on the braid
relations for an orientable surface found in Section 1.
Let g be the constant map. Deﬁne
f1#(ρ1) = Bρ1Bρ−11 , f1#(ρk) = 1 for k > 2.
Similarly we deﬁne f2 by
f2#(ρ1) = Bρ−13 Bρ3B−1ρ1Bρ−13 Bρ3B−1ρ−11 , f2#(ρk) = 1 for k > 2.
We see that the two elements f1#(ρ1) and f2#(ρ1) are not conjugate in the free group F (ρ11, . . . , ρ12h). This follows
from the fact that these words in cyclic reduced form have different lengths. More precisely, the ﬁrst word has length 8h
and the latter has length 24h + 2. Hence, there is no root free homotopy between f1 and f2. But as braids, from the braid
relations we see that
ρ23
(
Bρ11Bρ
−1
11
)
ρ−123 = Bρ−113 Bρ13B−1ρ11Bρ−113 Bρ13B−1ρ−111 .
Since the braids are conjugate we have a Wecken homotopy between the two maps. 
Example STh{ j0} for any 1 j  φ() where  is the genus of S . Let W ⊂ 〈ρ1, . . . , ρh+1〉 be a subgroup of rank j having
{w1, . . . ,w j} as a base with w1 = ρ1.
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Similarly deﬁne f2#(ρ1) = f2#(ρ−12 ) = ρ1B−1, f2#(ρ2i−1) = f2#(ρ−12i ) = ρ22wiρ−122 , for i = 2, . . . , j and otherwise 1. The
two homomorphisms ( f1 × c)#, ( f2 × c)# : π1(S) → P2(Ng) are conjugate since the braids ρ11, ρ11B−1 are conjugate. More
precisely ρ22ρ11ρ
−1
22 = ρ11B−1. So the maps can be joined by a Wecken homotopy.
But the two elements ρ1 and ρ1B−1 are not conjugate in the free group follows from the fact that these words in cyclic
reduced form have lengths 1 and 4h − 1, respectively, since h 2. So the result follows. 
Example STh{01}. This example illustrates the case where the rank of Im(g#) is one, while the other map is homotopic
to the constant map. Let g be the map g#(ρ1) = g#(ρ2) = 1, g#(ρ3) = g#(ρ−14 ) = ρ23 (here viewed as braid projected to
π1(Th − {s2}, s1)) and g#(ρi) = 1, i > 4. This is well deﬁned because of the restrictions on the surface S . This includes all
possibilities for χ(S1) < −1, i.e. orientable or not.
Let f1 be homotopic to the constant map so that f1#(ρ1) = f1#(ρ−12 ) = Bρ11Bρ−111 , f1#(ρ j) = 1 for all j > 2. Now
consider the second pair obtained by conjugating the pair f1, g by ρ23, which is allowed since p2#(ρ23) belongs to the
centralizer of im(g#). By consideration of the image of ρ1, as in example STh{00}, the result follows. 
Example STh{11}. Let g be the map g#(ρ1) = g#(ρ2) = 1, g#(ρ3) = g#(ρ−14 ) = ρ22 (here viewed as braid projected to
π1(Th − {s2}, s1)) and g#(ρi) = 1, i > 4. Let f1 be the map deﬁned by f1#(ρ1) = f1#(ρ−12 ) = ρ11, f1#(ρ j) = 1 for all j > 2.
Consider the second pair obtained by conjugating the given one by ρ22, which is allowed since p2#(ρ22) belongs to the
centralizer of im(g#). By consideration of the image of ρ1, as in example STh{ j0}, the result follows. 
Example STh{ j1} for any 2 j  φ() where  is the genus of S . Let W ⊂ 〈ρ11, . . . , ρ1h+1〉 be a subgroup of rank j having
{w1, . . . ,w j} as a base with w1 = ρ13 and w2 = ρ11. Let g be a map such that g#(ρ3) = g#(ρ−14 ) = ρ24, and g#(ρk) = 1
otherwise. Let f1 be deﬁned by f1#(ρ1) = f1#(ρ−12 ) = ρ13, f1#(ρ2i−1) = f1#(ρ−12i ) = wi , for i = 2, . . . , j. All images above
are viewed as braids projected to π1(Th − {s2}, s1).
So we have the homomorphism induced by f1 × g given by ( f1 × g)#(ρ1) = ( f1 × g)#(ρ−12 ) = ρ13, ( f1 × g)#(ρ3) =
( f1 × g)#(ρ−14 ) = ρ11ρ24, ( f1 × g)#(ρ2i−1) = ( f1 × g)#(ρ−12i ) = wi for i > 2. Now let us consider the second pair obtained
by conjugating the given one by ρ24, which is allowed since p2#(ρ24) belongs to the centralizer of im(g#). So we obtain
( f2 × g)# given by ( f2 × g)#(ρ1) = ( f2 × g)#(ρ−12 ) = ρ13B−1, ( f2 × g)#(ρ3) = ( f2 × g)#(ρ−124 ) = ρ11ρ24, ( f1 × g)#(ρ2i−1) =
( f1 × g)#(ρ−12i ) = ρ24wiρ−124 for i > 2. By consideration of the image of ρ1, we have the two words ρ3 and ρ3B−1 which
are cyclically reduced and have different lengths. So the result follows. 
Example ThTh vs{1}. As in the non-orientable case, the induced homomorphism by the ﬁrst map is the identity and the
rank of the image of the induced homomorphism by the second map is one. Consider homotopy classes of maps [ f ], [g]
such that if f ∈ [ f ] and g ∈ [g], then f#(ρi) = ρi , for 1 i  2h and g#(ρ j) = 1, for 1 j  2h − 1, g#(ρ2h) = ρ2h .
Consider the homomorphism π1(Th) → π1(Th × Th − ) which sends ρi → ρ1i , for 1  i  2h − 1, and ρ2h →
ρ12hB−1ρ22h . First we claim that this map gives a well deﬁned homomorphism. For
[
ρ11,ρ
−1
12
]
. . .
[
ρ12h−3,ρ−112h−2
][
ρ12h−1,
(
ρ12hB
−1ρ22h
)−1]
= Bρ−112hρ12h−1ρ12hρ−112h−1
(
ρ12h−1ρ−122hBρ
−1
12hρ
−1
12h−1ρ12hB
−1ρ22h
)
,
where the equality follows from the deﬁnition of B . Further we have
Bρ−112hρ12h−1ρ12hρ
−1
22hBρ
−1
12hρ
−1
12h−1ρ12hB
−1ρ22h
= Bρ−112hρ12h−1ρ12hBρ−112hρ−122hρ−112h−1ρ22hρ12hB−1
= Bρ−112h
(
ρ12h−1ρ12hBρ−112hρ12hB
−1ρ−112hρ
−1
12h−1
)
ρ12hB
−1 = 1
where the ﬁrst equality follows because the word Bρ−112h commutes with ρ22h , and the second equality follows from the
relation ρ−122hρ
−1
12h−1ρ22h = ρ12hB−1ρ−112hρ−112h−1. That Bρ−112h commutes with ρ22h follows from the relations 3-, 7- of the
presentation of P2(Th) given in Section 1.
Now consider the homomorphism obtained by conjugating the above homomorphism by ρ22h . Then we get ρ2h−1 →
ρ22hρ12h−1ρ−122h = ρ12h−1B−1. But ρ12h−1B−1 and ρ12h−1 are not conjugate in the free group F (ρ11, . . . , ρ12h) when h > 1,
and the result follows. 
Example S1Thvs{1} surjective. In this example the image of the fundamental group is surjective. Consider any map p :
S1 → Th such that the induced homomorphism on the fundamental group is surjective. Then consider the composite of this
map with the two maps given in the previous example. This provides an example. 
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index. Consider any map p : S1 → Th such that the induced homomorphism on the fundamental group has ﬁnite index. As
above we consider that the composite of this map with the two maps given in Example ThThvs{1}. The generator ρ2h−1
is not necessarily in the image, but there is an integer k1 such that ρ
k1
2h−1 is in the image. Now we study the equation
ρ
k1
12h−1 = θ(ρ12h−1B−1)k1θ−1 to obtain the desired result. 
5. Final comments
In this section we comment on a few cases that remain unsolved regarding pairs of coincidence free maps. These are of
two types; one involves maps from T to K , and the others occur when the domain surface S1 is either T , K or N2 and the
target S2 is orientable with χ(S2) < 0.
For the maps from T to K we describe more precisely the unsolved problems. Given a pair of maps f , g : T → K the
unresolved cases all have im(g#) an abelian rank 2 subgroup of π1(K ). So we have the following possibilities: T K {2′2},
T K {22}, T K {12}, and T K {02}, using the notation given in Section 2. The case T K {2′2} is not possible due to the fact that
im( f#) must be abelian. The case T K {02} cannot happen because the map g cannot be deformed to be root free. So we are
left with 2 possible cases T K {22} and T K {12}. Further, from [6] Theorem 1 together with Theorem 5 in Subsection 3.2, we
have that the only possible examples are in the case where the subgroup 〈im(g#), β2〉 is a proper subgroup of 〈α,β2〉 ⊂
π1(K ). This is equivalent to say that the intersection of 〈im(g#), β2〉 with the subgroup 〈α〉 is a proper subgroup of 〈α〉.
For h > 1 it is straightforward to see that the method used in Section 4 provides Examples S1Th{00} and Examples
S1Th{10} for S1 either T , K or N2. So the potential examples that remain to be analyzed for existence are Example T Th{01},
Example K Th{01}, Example N2Th{01}, Example T Th{11}, Example K Th{11} and Example N2Th{11}. The methods used to
construct the examples given in Section 4 do not apply here due to the small number of generators in the domain surface.
All six of these potential examples seem to have similar features, and possibly have the same answer. A closely related
problem to that one is the case if the domain S1 is a circle.
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